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There exist simple single-charge and multi-charge BPS p-brane solutions in the D- 
dimensional maximal supergravities. From these, one can fill out orbits in the charge vector 
space by acting with the global symmetry groups. We give a classification of these orbits, 
and the associated cosets that parameterise them. 
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1 Introduction 



The BPS p-brane solutions in supergravity theories play a central role in the understanding 
of the non-perturbative structures of M-theory and string theory. For this reason, it is useful 
to develop a framework for characterising these solutions, and in particular, for describing 
their multiplet structures under the duality symmetries of the theories. In this paper, we 
shall be principally concerned with studying the multiplet structures of BPS solitons in 
maximal supergravities. In particular, we shall study the orbits of the global supergravity 
symmetry groups £ii-d i n D dimensions 05 HI J3 t° see now they fill out multiplets of 
solutions. 

A systematic way to study the orbits is first to consider the simplest single-charge BPS 
p-brane solutions, which preserve ^ of the supersymmetry. Such a solution is described 
by a single harmonic function in the space transverse to the world-volume of the p-brane. 
Acting with the global symmetry group G, one obtains more complicated solutions in which, 
typically, more than one charge is non- vanishing. Of course since the global symmetry 
transformations G commute with supersymmetry, all the solutions in the orbit will also 
preserve \ of the supersymmetry. All the solutions in the orbit are characterised by the 
same single harmonic function. In some cases these orbits fill out the entire charge vector- 
space. Under these circumstances, all points in the charge vector space are associated with 
BPS solutions that preserve | the supersymmetry. 

In other cases, it turns out that the orbits of the original single-charge solution fill out 
only a subspace in the entire charge vector space. The signal for this is that there can be 
points in the charge space, in the neighbourhood of the single-charge starting point, which 
do not lie on the orbit. When this occurs, it turns out that there exists a "simple" 2-charge 
solution, which has both the original charge and any one of the charges that lies outside 
the infinitesimal orbit of the original charge. Here, by a simple 2-charge solution, we mean 
one that is characterised by two independent harmonic functions, associated with exactly 
two non-vanishing charges. All such 2-charge solutions preserve \ of the supersymmetry. 

1 In all cases, unless otherwise indicated, it is to be understood that the groups that we encounter will 
be of the maximally non-compact form, -E n ( n ), etc. We shall in general omit the explicit indication of the 

maximal non-compact form. 

2 In this paper, we shall use the term "simple iV-charge solution" to mean a solution with N independent 

harmonic functions that are associated with exactly N non-vanishing charges. Such solutions form multiplets 

under the Weyl group of the global symmetry group G El; they were classified in M. Acting with G on 

a simple TV-charge solution, one always obtains configurations with N' > N non- vanishing charges B. 

Equality is achieved only for Weyl-group elements. 
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One can now repeat the exercise of filling out the orbits under G, taking the simple 2- 
charge solution as a new starting point. Again, there is the possibility that the orbits now 
cover the entire charge vector space, in which case the multiplet analysis for this class of 
solution is complete. Alternatively, it may be the case that there are still points in the 
neighbourhood of the simple 2-charge solution that cannot be reached by the orbit. This 
indicates the existence of a simple 3-charge solution. By iteratively applying this procedure 
of adding in further "missed" charges, one eventually finds orbits that do cover the entire 
charge space. It turns out that for solutions whose charges are carried by the 4-form field 
strength, simple 1-charge solutions are always sufficient to cover the entire charge vector 
space. For solutions supported by 3-forms and 2-forms, the maximal values of N for simple 
A-charge solutions are dimension dependent; they were all obtained in ||,^|, and classified 
in For 3-forms, one always has A < 2, and for 2-forms, A < 4. The different orbits can 
also be characterised by certain group-invariant polynomials, as discussed in 0. 

It should be emphasised that the problem that we are addressing in this paper, of 
studying the action of the global symmetry groups on the charge vectors in BPS solutions, 
is not the same as the problem of studying the spectrum-generating symmetries for BPS 
solutions. To give the spectrum of BPS solitons, one needs to classify the sets of solutions at 
fixed values of the scalar moduli, i.e. the asymptotic values of all the dilatonic and axionic 
scalars. Although the standard global symmetry algebras are effective in mapping between 
different points in the charge vector space, they also in general change the scalar moduli 
at the same time. This problem was addressed in ||, in the case of the spectrum obtained 
from single-charge BPS solutions that preserve | of the supersymmetry. Since the spectrum 
for fixed moduli necessarily involves solutions with different masses, it is manifest that the 
standard global symmetry groups cannot generate the complete spectrum. As was shown 
in Q, the additional ingredient of the overall scaling symmetry that every supergravity 
theory possesses is needed also, in order to fill out the entire spectrum. (The scaling 
transformation, called the "trombone" transformation in ||, is a symmetry of the equations 
of motion, corresponding to an homogeneous scaling of the action.) It turns out that the 
spectrum generating symmetry for the solutions that preserve \ the supersymmetry is in 
fact the same group as the global symmetry group G, but now realised non-linearly on the 
fields. We shall return to a discussion of this point in section 9, and in particular address the 
question of whether one can expect the results in Q to extend to the multi-charge solutions 
that preserve less than ^ of the supersymmetry. 

In this paper, we shall study the orbits of the charge vectors for all the p-branes in 
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D > 4 that are supported by field strengths of degree 4, 3 and 2. All of these field strengths 
form linear representations under the global symmetry groups. In all cases, the dimensions 
of the global symmetry groups are larger than the dimensions of the charge vector spaces. 
In other words, there is a stability subgroup K of G that leaves the initial simple iV-charge 
configuration fixed. The orbits are therefore parameterised by points in the coset G/K. 
We shall determine these coset structures for all the above p-brane orbits. (We shall focus 
on the classical coset structure in this paper. At the quantum level, the continuous global 
symmetry groups will be discretised to the U-duality groups discussed in ||.) The coset for 
the type IIB string doublet was obtained in |J, and the cosets for D = 5 and D = 4 have 
recently been obtained in [11|. 



In order to describe the maximal supergravities in D dimensions, we shall use the no- 
tation and conventions of ||. The D-dimensional Lagrangian is given by 

C = e i?-| eW 7-^ ee *^ (1) 

i i<j 
i i<j<k i<j 

(i) 

where the subscripts on the various field strengths indicate their degrees, with F4, F^ , 
i*2 and F^® coming from the 4- form in D = 11, while and J-^ come from the 
dimensional reduction of the metric. The "dilaton vectors" S, Si, Sy, a«&, 6, and bij are 
constant (11 — L>)-component vectors that characterise the couplings of the dilatonic scalars 
4> to the various field strengths. Their detailed forms, and also their scalar products, are all 
given in Q: 

F MNPQ vielbein 
4 — form : a = —g , 
3 - forms : Si = fa - g , 

2 - forms : Sij = fi + fj - g , h = -fo , (2) 

1 - forms : S ijk = fa + fj + f k - g , by = -fa + fj . 

The explicit expressions for the vectors g and fa, which have (11 — D) components in D 
dimensions, are given in ||. For our purposes, it is sufficient to note that they satisfy the 
relations 

-> -> _ 2(11— D) -> f _ 6 f f _ or 1 2 fo\ 

9 ' 9 — £)-2 ' 9 ' Ji — £)-2 ' Ji ' h — D-2 ■ V-Jj 

The scalar sector of the D-dimensional theory comprises the (11 — D) dilatons <j>, and the 
axions and «4q whose field strengths are the 1-forms F^ k ' and J 7 ^. In addition, 
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in the conventionally "fully-dualised" versions of the theories, where all field strengths of 
degree > are dualised, there will be additional axions in D < 5 associated with the 
dualisation of {D — l)-form field strengths. Their corresponding dilaton vectors will be 
the negatives of those for the fields prior to dualisation. Including the axions coming from 
dualisation, the total number of scalars is equal to the dimension of the Borel subgroup 



of the E\\-d Cremmer-Julia global symmetry group [12]. In fact, the dilatons <p are in 
one-to-one correspondence with the Cartan subalgebra, while the axions are in one-to-one 
correspondence with the positive roots of En- p. In particular, their dilaton vectors are 
precisely the positive root vectors. The simple roots in D dimensions may be taken to be 
and a%23, for 1 < i < 10 — D. It is easy to verify from (|2|) and (|3|) that these vectors 
have the dot products of the simple roots of Eii_d, as shown in Table 1. 



&34 b 45 6 56 6 67 b 7S 

o o o o o 


Ol23 

Table 1: The dilaton vectors fr^j+i and generate the E\i-d Dynkin diagram 

In each dimension D, the diagram is truncated to the part that survives when only the 
simple roots with indices i < 11 — D are retained. 

In the fully-dualised theories, the higher-degree fields form linear highest- weight repre- 
sentations under the idl— D group. The associated dilaton vectors are the weight vectors 
of the representation ||. The action of the generators of the global symmetry group on 
the states in the various representations can easily be determined by means of the dilaton 
vectors. The dilaton vectors for the axions are the positive roots of the E\\-d algebra 
(in the fully-dualised theory). The group generator associated with a root a gives a non- 
vanishing result when acting on a state of weight w if and only if w + a is also a weight in 
the representation. We shall make repeated use of this in what follows. All of the necessary 
results can be derived from the information about the dilaton vectors that is contained in 
(D and ©. 



bl2 &23 

o o 



4 



The paper is organised as follows. Sections 2 to 7 contain the discussion of the charge 
vector orbits for field strengths with degrees > 2 in all dimensions between D = 10 and 
D = 4. In each case, we analyse all the multi-charge starting points that are needed in order 
to fill out the orbits that span the entire charge spaces, and we discuss the supersymmetry 
of the various classes of solution. Our results in D = 5 and D = 4 are similar to those 
obtained in [O]. In section 8, we consider the extension of these ideas to solutions where 
the charges are carried by 1-form field strengths. Owing to the non-linearity of the action of 
the global symmetry groups on these fields, a general discussion is much more complicated 
than in the higher-degree cases. Instead, we consider a simplified situation where a subset 
of the axions form a linear representation under a subgroup of the full global symmetry 
group. The paper ends with concluding remarks in section 9. A summary of the results for 
the various cosets is contained in an appendix. 

2 D = 10 Type IIB and D = 9 

In both of these cases, there is an SL(2, IR) global symmetry. Let us first consider the 
type IIB theory. This contains two 3-form field strengths, which transform as a doublet 
under 5L(2,IR), and a singlet self-dual 5-form, together with the dilaton and axion that 
parameterise the SL (2, ]R) /50 (2) scalar manifold. The BPS string solutions, with electric 
charges (Qi, Q2) for the two 3-form field strengths, form a single multiplet under SL(2, H). 
For example, one can start from the solution with charges (1,0), and fill out the entire 
2-dimensional charge space by acting with 5L(2,IR). 

In fact, we should pause at this point to make this statement more precise. At the 
same time as the standard <SX(2,]R) symmetry transforms the charges, it also changes the 
scalar moduli, i.e. the asymptotic values of the dilaton and axion. What we are really 
interested in is to fill out the 2-dimensional charge space at fixed values of the moduli. 
In particular, this involves BPS solutions with different masses, and it is manifest that 
the standard 5L(2,]R) symmetry cannot by itself achieve this, since it leaves the metric 
invariant and hence preserves the mass. As was recently discussed in §, the true spectrum- 
generating symmetry that fills out the 2-dimensional charge space at fixed values of the 
scalar moduli is obtained by including also the scaling symmetry of the theory, which of 
course does change the mass. To be precise, the charge space can generated by acting with 
the denominator subgroup (which is 50(2) in this case) to rotate the original charge vector 
(1,0) keeping its length fixed, and then acting with the rescaling "trombone" symmetry 
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to arrive at the desired radius in the 2-dimensional charge plane. An alternative way to 
describe this, which allows a proper treatment of the effects of Dirac quantisation in the 
quantum case, is that we act with the standard 5L(2,H) on the charge space, and then 
apply compensating symmetry transformations that leave the charges fixed, but restore the 
scalar moduli to their former values. Specifically, this is done by acting with a combination 
of a transformation in the Borel subgroup of SL{2, M), together with a trombone rescaling. 
The Borel transformation^ allows us to restore the scalar moduli to their original values, 
but at the price that the charges are rescaled (although their ratio remains fixed). The 
trombone transformation then restores the scale of the charges, while leaving the moduli 
at their proper restored values. The net effect of this is that we now have a non-linear 
realisation of SL(2,JR), which acts as a true spectrum generating symmetry j9j. In the 
quantum case, this spectrum-generating SX(2,IR) is discretised to SX(2,Z), in order to 
ensure that the Dirac quantisation condition is satisfied. 

The results in || established that the group of the true spectrum-generating symmetry 
is the same, qua abstract group, as the standard Cremmer-Julia symmetry group, but now 
realised non-linearly on the fields. However, its realisation on the charges is still linear, 
and so for our present purposes we may continue to think of the standard linearly-realised 
Cremmer-Julia group as the group that fills out multiplets in the vector space of the charges, 
with the understanding that the full description of the associated BPS solutions would 
require compensating transformations on the scalar moduli. We shall return to a discussion 
of this point in section 9. 

The group-theoretic structure of the spectrum of the type IIB BPS string solitons was 
discussed in ||. The SL(2,JR) transformations 





(4) 

do not all act effectively on the initial charge vector (1, 0); in fact the strict Borel subgroup 

^strict = f 1 ) (5) 




leaves the initial charge vector (1, 0) fixed. Therefore the points in the 2-dimensional charge 
space are parameterised by elements of the coset SL(2, K) /i? s t r ict • Clearly matrices of the 
form dH) give a realisation of M, and so we may equivalently say that the charge space for 



3 The Iwasawa decomposition of the En-n global symmetry groups into the product of the Borel and 
maximal compact subgroups has been studied in JhJ. 
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the BPS strings in the type IIB theory is parameterised by || 

The initial single-charge solution, and the solutions corresponding to all other points in the 
charge space, preserve \ of the supersymmetry. 

An analogous discussion can be given for the multiplet of 5-branes, corresponding to 
the case where the two 3-form field strengths carry magnetic charges. These charges also 
transform as a doublet under 5L(2,M), contragrediently with respect to the transforma- 
tions of the electric charges. Thus again, the charge space is parameterised by the coset 
SL(2, ]R)/1R, and again all points are associated with BPS solutions that preserve ^ of the 
supersymmetry. 

There also exist self-dual 3-branes in the type IIB theory, supported by the self-dual 
5-form. This is a singlet under SX(2,]R). However, we know that BPS 3-brane solitons 
can exist for arbitrary values of the charge (classically speaking). These solutions can 
all be obtained from a solution with a given charge, by acting with the trombone scaling 
transformation. (Such transformations are also responsible for the M-brane solutions in 
D = 11 occurring for arbitrary values of the charge.) 

Turning now to maximal supergravity in nine dimensions, we now have a GL{2, IR) = 
SX(2,IR) x IR global symmetry (together also with a trombone scaling symmetry). There 
is an ST(2,IR) doublet of 3-form field strengths F% , and an SL(2,TR) doublet of 2-form 
field strengths J-^ \ In addition, there is a singlet 4-form F4, a singlet 2-form F^ 2 \ two 
dilatonic scalars and an axionic scalar. Here, we shall look at the group structure of the 
various BPS solitons under the 5X(2,IR) group. 

Since the 4-form is a singlet under SL(2,TR), the only way to get an arbitrary-charge 
solution from a given one is by means of the trombone symmetry. The analysis of the 

(i) 

spectrum of BPS strings or 4-branes for a doublet of 3-forms -F 3 is identical to that in 
the type IIB case, and again the 2-dimensional charge space is parameterised by the coset 
SL(2,JR)/JR. 

The discussion for the 2-form solutions is slightly more complicated. There are three 
2-forms in total, namely the SL(2, IR) doublet J 7 ^ an d the sing let F 2 (12) . If we start 

(i) 

from a single-charge solution using one member of the doublet T\ , then acting with 
SL(2, IR) can only fill out the 2-dimensional plane (pi,P2, 0) in the the 3-dimensional charge 
space (pi,P2,ui2)- However, there also exist 2-charge solutions using the field strengths 
{^2 , i*2 } or {-^2 2 ^' ^2 12 ^}- f° r example, we start from the charge configuration 
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(1,0, 1*12)) where 1*12 is any fixed charge for F 2 , then acting with SX(2,]R) will fill out 
the entire 2-plane (pi,£>2, 1*12) a t t ne fixed value of 1*12- Since 1*12 can be given an arbitrary 
value, it follows that any point in the 3-dimensional charge space is associated with a p- 
brane solution. Those with charges (pi,£>2,0) or (0,0,1*12) preserve | the supersymmetry, 
whilst those with charges (i?i,P2, ^12) with at least one of p\ or P2 non-zero preserve j. 

We have seen in the above discussion that in certain cases, namely the 3-form solutions 
in type IIB or in D = 9, BPS solutions corresponding to any point in the 2-dimensional 
charge space are filled out by acting with the global symmetry group on a basic single- 
charge solution, which preserves | of the supersymmetry. On the other hand, the full set 
of BPS 2-form solutions in D = 9 is filled out by starting with a basic 2-charge solution, 
and acting with the global symmetry group. Note that this 2-charge solution preserves 4 
of the supersymmetry, and the number of charges cannot be reduced to one by any global 
symmetry transformation. In fact, global symmetry transformations only yield solutions 
with N > 2 charges. For this reason, it is useful to define the basic 2-charge solution as 
being a simple 2-charge solution. The full classification of all simple iV-charge p-branes in 
all dimensions D > 2 was given in Q. 

3 D = 8 

The global symmetry group in D = 8 is SL(3, H) x SL(2, IR), where the first factor has 612 
and 623 as simple roots, and the second has the simple root 0123 (see Table 1). The full root 
system is given by ±6y and ±0123- There is one 4- form field strength F4, which, together 
with its dual, forms a doublet under the <SX(2,]R). The three 3-forms form a triplet 
under SL(3, M), and the six 2-forms F% f and form a (3,2) irreducible representation 
under 5*L(3,]R) x SL(2,TR). The associated dilaton vectors are the weight vectors of these 
various irreducible representations. They, and the highest-weight vectors, are presented in 
Table 2. Also included is the list of negative roots whose generators annihilate the highest- 
weight states (of course all the positive roots, by definition, annihilate the highest weights). 
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Degree 


Weight vectors 


Highest weight 


Negative roots that 
annihilate highest weight 


4- form 


a, —a 


—a 


-bij 


3-forms 






—bi2, — CI123 


2-forms 


CLij , b{ 


S23 


-^23 



Table 2: Weights and highest weights in D = 8 



Since the electric and magnetic charges of the 4-form form a doublet under SL(2,TR), 
the discussion of its multiplet structure is identical to that for the SX(2,IR) multiplets in 
the previous section. The points in the 2-dimensional electric/magnetic charge space are 
parameterised by SL(2, IR)/1R. The H denominator group is the strict Borel subroup of 
the SL(2,JEL), whose generator has the positive root 0123. 

The highest-weight state \a 3 ) representing the single-charge 3-form solution is annihi- 
lated not only by the positive-root generators E^ and Eg 123 , but also by E_^ and E_$ 123 . 
This means that only the negative-root generators E_% and E_^ have a non-vanishing 
action on the highest- weight state, giving \a\) and | c?2 ) respectively. In addition, there is 
one combination of Cartan generators under which the state [03} has non- vanishing weight 
(the combination proportional to a 3 ■ H). Thus there is a three-parameter family of motions 
of the highest-weight state. In other words, the coset space that parameterises the 3-form 
solutions obtained from the global group action on the single charge associated with \a 3 ) 
is three dimensional. The stability subgroup is generated by E? and E$, 93 , together with 
E_^ 12 an d E_g 12a and the two remaining combinations of the Cartan generators, 

H' = H -l(S 3 -H)a 3 • (7) 

The vectors ±0123 and ±612 are the non-vanishing roots of two commuting SL(2, IR) groups, 
generated by E±s 133 and E^g , whose two Cartan generators are the projections of H' onto 
the mutually-orthogonal directions 0123 and b\2 respectively (the roots of the two commuting 
SL(2, IR) groups are unchanged by the projection (0) onto H', since a 3 ■ 0123 = 03 • 612 = 0). 
The remaining generators, E^ and E^ , are mutually commuting, and they commute with 
E±g 123 , but form a doublet under the 5L(2,M) generated by E_^ , with weight vectors 

±^(613 + 623) (8) 
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under H' . Thus the structure of the 3-dimensional coset space parameterising the 3-charge 
solutions is 

SL(3,M) x SL(2,R) 

(9) 



(SL(2,R) x R 2 ) x SL(2,R) ' 
Since the SL(2, R) factor generated by E±a 123 is common to the numerator and denomina- 
tor, the coset reduces to 

SX(2,R) x R 2 ' 1 J 

where the SX(2,R) is generated by , with roots ±612, and the two commuting R 

generators have weight vectors 613 and 623- The fact that they transform as a doublet 
under 5L(2,R) is reflected in the semi-direct product symbol x. 

Note that the dimension of the coset (|lO| ) is equal to the dimension of the space of 3-form 
charges, i.e. 3. This is not a coincidence; the 3-forms transform as the vector representation 
of S*L(3,R), and so any point in the charge space can be reached by acting with SX(3,R) 
on a given charge, which we are taking to be associated with the highest-weight state \a^). 
Thus any point in the 3-dimensional charge space has an associated BPS string or 3-brane 
solution, which preserves \ of the supersymmetry. 

Finally in this section, we consider the 2-form field strengths, which form a (3,2)- 
dimensional irreducible representation under SX(3, R) x S'L(2,R), with S23 as the highest 
weight. First, we consider the multiplet filled out by acting on the single-charge solution 
associated with this highest-weight state. From Table 2, we see that (023) is annihilated 
by ^-i-6 23 ) which form the non-zero-root generators of an S'L(2,R), and by ^% 12 , ^% 13 and 
Eg 123 . These are mutually-commuting generators, with (E^, E^ ) transforming as a dou- 
blet under the SX(2,R), and Eg 123 as a singlet. In addition, there are two combinations of 
the Cartan generators that leave 023 invariant, namely 

H' = H-'l(a 23 -H)a 2 3 ■ (11) 

One combination is the Cartan generator 623 • H' in the SL(2, R) subgroup generated by 
"^±623' anc ^ ^ e °t ner > which commutes with every generator in the stability group, enlarges 
the SX(2, R) to GL(2, R). Thus the coset space that parameterises the orbits of the single- 
charge 2-form solutions is 

5L(3,R) x SL(2,R) 

GL(2,R)xR 3 ' 1 1 

In fact it is easy to understand the structure of the denominator group; there is a GL(2, R) 

global symmetry in D = 9, which clearly, since it leaves the D = 9 metric invariant, will also 

leave the new Kaluza-Klein vector in D = 8 invariant. In addition, the three vector 
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potentials {A\ >,A\ >,A\ LZ> } inD = 9 give rise to three axions in D = 8, which have three 
commuting global H symmetries (two of which form a doublet under GL(2,IR)). Thus the 
full invariance group for a solution using the new Kaluza-Klein vector is GL(2, IR) ix 1R 3 . 

(3) • (23) 

Since A\ is equivalent to the previous potential A\ associated with the highest-weight 
vector c?23 under the full global symmetry group SX(3,IR) x SX(2,1R), it follows that the 
solution based on the field strength associated with (023) will also have GL(2,IR) ix K 3 as 
its stability group. 

The dimension of the coset space ( |T2| ) is 4, while the dimension of the charge space for 
2-forms is 6. This shows that not all points in the total charge space can be reached by 
acting with global symmetry transformations on a single-charge solution. In particular, if 
we start from the single charge associated with the state ICJ23}, we will never generate the 
charges associated with the states I&2) and (63). In fact, there also exist simple 2-charge 
solutions for 2-forms in D = 8, and we can choose to augment the original charge associated 
with 023 by precisely one or other of the charges that the single-charge orbits have failed to 
cover. For example, we may consider the case where and J 7 ^ carry the charges ||. 

Thus to reveal the structure of the coset space parameterising these solutions, we need to 
identify the simultaneous stability subgroup for the pair of states \ti23) and I&3). To do this, 
it is useful to tabulate the action of the complete set of all the non-zero-root generators of 
SL(3, IR) x SX(2,IR) on the two states. Labelling the states by their weights, we have: 



Weight 




h 3 


b23 


S123 


-b\2 


-bis 


~b23 


-ai23 


023 










a\3 


a 12 




bi 


h 




h 


b 2 


ai2 











Table 3: Action of generators on |a23) and 1 63) in D = 8 



We see from Table 3 that the generators £ , g 12 an d -^_g 23 leave both of the states |a23) 
and 1 63) invariant. In addition, we see that the combinations of generators 

L + = ( E b 13 ~ E -Siis) i L - = ( E -b 13 ~ E Si2a) ( 13 ) 

will leave the sum of states IS23) + I&3) invariant. These form the positive and negative 
root generators of an S*L(2,1R) algebra. The Cartan generator for this SX(2,IR) must come 
from the one combination of the three Cartan generators of the original SL(3, IR) x SL(2, IR) 
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under which both the states |c?23) and [63) have zero weight, namely 

H' = H- |(5a 23 -H + 7b 3 -H)h- |(56 3 • H + 7a 23 • H) a 23 . (14) 

(The specific coefficients that arise here in this Gramm-Schmidt projection follow from 
the details of the dot products of the dilaton vectors involved in the construction. These 
dot products can all be determined from the results given in (|J) and @.) Thus the new 
Cartan generator H' is the projection of the original 3-vector H of Cartan generators onto 
the line orthogonal to the plane containing the weights S23 and 63 associated with the 
two charges. Note that although the generators L± are not eigenstates under the original 
Cartan generators H, they are eigenstates under the projected generators H'. After a 
calculation, one finds that the two SX(2,IR) generators L± have weights ±^(613 — 0123) 
under H'. In total, we therefore have five generators that leave the two-charge combination 
invariant. Clearly L + ,L_ and the Cartan combination H 1 form an SX(2,IR) algebra, and 
the mutually commuting pair E^ and E_^ form a doublet under this SL{2, M). Thus the 
stability subgroup of the 2-charge combination is SL(2, H) x 1R 2 , and the space of 2-charge 
solutions is parameterised by the coset 

5L(3,R) x 5L(2,R) 

SL(2,m) x R 2 { ' 

Note that this space has dimension 6, which is the same as the total dimension of the 
space of 2-form charges in D = 8. In fact, this coset allows us to reach all points in the 6- 
dimensional charge space, beginning from a given 2-charge solution. This can be seen from 
the non-trivial entries in Table 3, which indicate that all six of the states corresponding to 
the six 2-forms can be reached from the 2-charge starting point. (The Cartan combinations 
a 23 • H and 63 • H allow the original 2 charges to be rescaled arbitrarily, and the various 
combinations of non-zero-root generators that do not annihilate \cb23) or I&3} allow the other 
four charges to be turned on with arbitrary strengths.) In general, the BPS solutions will 
preserve \ of the supersymmetry, unless one or other of the original charges is zero, in which 
case the solution will preserve \ of the supersymmetry. 

4 D = 7 

The global symmetry group in D = 7 is SX(5,IR), with simple roots 612, 623, 634 and 0123. 
The full root system is given by ±6^ and ia^-fc, associated with the generators and 

(i) 3 

E±a ijk - In the fully-dualised theory there are five 3- forms -F 3 and *F^, and ten 2-forms 
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(a) a) 

F 2 and J-\ ■ The dilaton vectors associated with the 3-forms and the 2-forms are the 
weight vectors of the 5 and the 10 of SX(5,IR) respectively. 

Let us begin by considering the 3-forms. Here, the highest-weight vector is —a, associ- 
ated with the 3- form *F±. It is easy to see the state [ — a) is annihilated not only by all the 
positive-root generators, but also by the negative-root generators associated with the roots 
— bij, and by the three combinations of the <SX(5,IR) Cartan generators that are orthogonal 
to a; 

E - 

H' = H -|(a- H)a . (16) 

On the other hand, the other negative-root generators E_g ijk act on | — a) to give \ai), 
where k and £ are all different. The conjugate pairs E,? , together with the three 
Cartan generators H' , generate <SX(4,]R). The four generators E^.. k mutually commute, 
and form the vector representation under S'L(4, M), with weight vectors Sijk + fa under 
H'. Thus the stability group of a single 3-form charge in D = 7 is SL(A, IR) x H 4 , and the 
coset is 

SL(5,M) 

SL(4, R)kR 4 ' { ' 

The coset has dimension 5, which equals the dimension of the space of 3-form charges. 
Indeed, any point in this 5-dimensional vector space can be reached by acting on the original 
single charge vector with SL(5, M). As usual, this can be seen by observing that all the 
states of the 5-dimensional representation for the 3-forms can be reached by the action 
of the generators of SL(5, M) that do not annihilate the highest-weight state | — a). The 
stability group in ( |17| ) can also be understood as follows: In the D = 7 Lagrangian obtained 
by direct dimensional reduction from D = 11 without any dualisation, the global symmetry 
group is 5L(4,M) x R 4 0,0, under which the 4-form is a singlet. 

Let us now consider the 2-forms in D = 7. The highest-weight vector is 034. It is easily 
verified that the following subset of the SX(5,IR) generators annihilate (034): 

H' = H-^(a 23 -H)a 23 , (18) 

-^0134 ) ^a 2 34 1 ^b 13 ' ^623 ' ^6l4 ' ^)24 ' 

The conjugate pair -^_|_g 12 together with the projection of H' onto 612 generate an SL(2, H), 
while the remaining three conjugate pairs, and the remaining two components of H' generate 
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an SX(3,IR). The remaining six generators in ( |l8|) mutually commute, and form a (3,2) 
under the SX(3, M) x SL(2,JR); the highest weight generator is Eg 2S4 , with weight vector 
0234 — |«34 under H'. The coset parameterising the single-charge 2- form solutions in D = 7 
is therefore 

(5L(3,M) x 5L(2,M)) x ft 6 1 J 

The denominator group can also be easily understood from the viewpoint of dimensional 
reduction from D = 8 to D = 7. In D = 8, the global symmetry group is jSX(3,H) x 
SL(2, IR), which leaves the new Kaluza-Klein vector invariant. The R e comes from the 
commuting shift symmetries of the six axions that are dimensional reduction of six vectors 
in D = 8, which form a (3, 2)-dimensional representation under SL(3, IR) x SX(2,IR). 

The coset (|l~9|) for a simple single-charge orbit is 7-dimensional, and so it does not 
parameterise all possible charge points in the 10-dimensional vector space for 2-forms. In 
the infinitesimal neighbourhood of the charge vector for the field strength three 
charges, carried by field strengths F^ 2 \ an< ^ •^• 2 \ cannot be reached. As discussed in 
the introduction, when this happens we can construct a simple 2-charge solution, where the 
original charge is augmented by any of the above three charges. To cover the entire space, 
we must then start with a simple 2-charge configuration. Any simple 2-charge solution 
provides an equivalent starting point for generating the charge space, since they form a 
single multiplet under the Weyl group of the global symmetry group ||. Thus without 
loss of generality, we shall consider a 2-charge solution constructed from the pair of field 
strengths {F^~ 2 \ i^ 34 -*}, corresponding to the states {|ai2), |«34)}- It is easy to verify that 
their sum is annihilated by the following SX(5, IR) generators 

E ±biz ' E ±b 34 ' (^±6 24 ~ E TbJ ' ( E ±b 14 ~ E T b 23 ) > E Zijk i ( 20 ) 
together with the two Cartan generators 

H' = H — \{2a M ■ H + 3ai2 • H) a 12 - \(2a 12 ■ H + 3a 34 ■ H) a 34 • (21) 



The conjugate pairs of generators in (20) have the weights 



± 6i 2 , ±6 34 , ±i(6 24 - b 13 ) , ±i(6 M - 6 23 ) (22) 

under H' . We can now see that these are the roots of the B 2 = 0(2,3) algebra, where the 
simple roots can be taken to be 

&\ = 612 , a 2 = Mb 24: - 613) . (23) 
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The generators Eg.. k form a 4-dimensional spinor representation under 0(2, 3). The highest- 
weight generator is E$ 124 , which has weight 3(^124 — 0123) under H' . Thus the coset of the 
SL(5, JR) orbit of this pair of weights is given by 

0(2,3) ix H 4 { ' 

This has dimensions 10, which is the same as the dimension of the total charge space for 
2-forms in D = 7. As usual, by looking at the action of the SX(5, 1R) generators on the 
two states (023) and 1 63) , we can verify that indeed all generic points in the 10-dimensional 
charge space can be reached. The generic ten-dimensional 2-charge orbits preserve j of the 
supersymmetry, while the degenerate seven-dimensional single-charge orbits preserve |. 

5 D = 6 

The global the symmetry group in D = 6 is 0(5,5), for which the simple roots are 6^+1, 
with i = 1,2,3,4, and 0123- The five 3-forms -F3 , together with their duals, form a 10- 
dimensional irreducible representation of 0(5, 5), with weights (Si, —Si). The highest-weight 
vector is — a\. Splitting the internal index i, which runs over 5 values, as i = (1, a), we 
easily see that the following subset of the 0(5, 5) generators annihilate the state | — S\): 

H' = H -i(ai-^)ai , (25) 
while the remaining generators give 

E -Si a I ~ «i) = I ~ ' E -a aM I - «i) = las) • ( 26 ) 

where in the last case the indices a,/3, 7 and 5, which take their values in the set (2,3,4,5), 
are all different. The conjugate pairs of generators in (^) have weights 

± ba/3 j ±Si a /3 , b\ a , S a ^ , (27) 

under H' , and they are precisely the root vectors of D4 = 0(4,4). The simple roots may 
be taken to be 

Ql = 6 23 , «2 = &34 , "3 = h5 , «4 = 0123 • (28) 

The remaining eight generators Eg and E^ a/3 ^ in ((2^) form an 8-dimensional representation 
under 0(4, 4). The highest-weight state is Eg 345 , with weight 0345 + S\ = —S2 under H' . 
Thus the coset parameterising the single-charge 3-form solutions in D = 6 is 

05, 5) 



0(4,4) x R 8 ' 



(29) 
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There is again an easier explanation for the denominator group that leaves a single 3-form 
charge invariant. In D = 6, there is an 0(4,4) T-duality, under which the NS-NS 3-form 
field strength F^ is a singlet. In addition, the eight R-R axions J-[ la \ F^*^\ which can 
all be covered by derivatives simultaneously, form an 8-dimensional spinor representation 
under the T-duality group. In fact 0(4,4) ix H 8 is precisely the global symmetry of the 



version of the supergravity obtained by dualising only the higher-degree R-R fields [13| 



The coset (29) has dimension 9, which is one less than the dimension of the charge- 
vector space for 3-forms. In fact, the denominator group in ( |29| ) is the stability group of 
a light-like vector in 0(5,5). We shall return to this point below. For now, let us proceed 
by extending the discussion to 2-charge solutions. These are in fact dyonic (of the first 
kind, in the notation of [0]), where a single field strength carries both electric and magnetic 



charges 14]. To study the 2-charge orbits, we may therefore consider the stability group 
for the pair of states \ai) and \ — a\). It is easily established that their sum is left invariant 
by the subset of 0(5, 5) generators 

E ±b aS > E ±a la0 , (E± 3a0i - E tEu ) , (30) 

where in the last case a, j3, 7 and S are all different, together with the same set of four 
Cartan generators H' given in (p5|). (Since the weights a\ and — a\ are parallel, there are 
still four combinations of the 0(5, 5) Cartan generators that leave the two states invariant.) 
The generators in (|30| ) have weights 

± b a /3 , ±«la/3 , ±^(a a /37 - bis) (31) 

under H'; these are precisely the roots of B4 = 0(4, 5). The simple roots may be taken to 
be 

3.1 = 623 , OL2 = &34 , 03 = &45 , «4 = 5(0234 ~ ^15) • (32) 

Thus the coset parameterising the 2-charge 3-form solutions is 

(33) 

0(4, 5) • (33) 

Note that in this case all the generators that annihilate the states lie in the single simple 
group 0(4, 5), and there are no additional IR factors. 

The denominator group in the 2-charge coset is the stability group for a timelike or 
spacelike vector in 0(5, 5), and indeed the coset ( |33| ) has dimension 9. This is what one 
expects for timelike or spacelike 10-vectors of fixed length. The rescaling of the length can 
be implemented by using the trombone symmetry of the D = 6 equations of motion. By 
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including this rescaling, all points in the 10-dimensional charge space for 3-forms in D = 6 
correspond to valid string solutions. There are three independent orbits; timelike, spacelike 
and null. To understand this, we note that the electric charges Qi and the magnetic charges 
Pi assemble into the vector representation of 0(5,5) in the form (Qi + Pi,Qi — Pi). The 
magnitude of this vector is 

^2(Qi + P) 2 -^2(Qi-Pi) 2 = ^QiP ■ (34) 

i i i 

Thus we see that the charge vector is null on the orbit of any single-charge solution, and 
timelike or spacelike on any of the 2-charge orbits. Note that the null orbits preserve \ the 
supersymmetry, while the timelike and spacelike orbits preserve \. It is worth remarking 
that the self-dual string and the anti-self-dual string belong to different multiplets under 
0(5, 5), with the former lying on the spacelike orbit, and the latter on the timelike orbit. 

Another way to understand why the dyonic strings with different relative signs of their 
electric and magnetic charges belong to different multiplets is the following. The weight 
vectors for the electric and magnetic charges are anti-parallel, and hence there is only a 
single Cartan generator that can rescale the charges, and therefore it cannot change the 
relative sign of the two charges. As we shall see in the next two sections, the weight vectors 
for simple 3-charge solutions in D = 5 and for simple 4-charge solutions in D = 4 are again 
degenerate, in that they lie in 2-dimensional and 3-dimensional planes respectively. Thus 
the number of Cartan generators that can rescale the charges is one less than the number 
of charges. It follows that in both these cases, configurations with different relative signs 
of the charges belong to different multiplets. It is interesting to note that this phenomenon 
always arises in the cases where the dilatonic scalar fields in the solution are regular, even 
at the horizon. 

In the fully-dualised six-dimensional theory there are in total sixteen 2-forms, namely 

(a) d) "* 
i*2 , F\ an d *-P<i- Their dilaton vectors a,ij, bi and —a form an irreducible 16-dimensional 

representation of 0(5,5), with —a as the highest weight. The state | — a) is annihilated by 

the following subset of the 0(5, 5) generators: 

E - E^ 

±bij ' a ijfc ' 

H' = H -§(a- H)a , (35) 

while the generators E_g. jk give 

E -S ijk I - a) = Wm) , (36) 
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where i, j, k, £ and m are all different. The conjugate pairs of generators in (^) have weights 
±bij under H'; these are the roots of the algebra SX(5,]R), for which the simple roots may 
be taken to be 

ai = bu , a 2 = 23 , «3 = bu , «4 = »45 • (37) 

The remaining generators Eg ijk in ( |35| ) mutually commute, and form a 10-dimensional 
representation under £L(5,IR). The highest-weight generator is Eg 34S , which has weight 
0345 + f ®> under H'. Therefore, the coset parameterising the single-charge 2-form solutions 
in D = 6 is 

0(5,5) 



5L(5,R) KIR™ ' (38) 
Note that the SL(5, 1R) can be understood as being inherited directly from the global 

symmetry group in D = 7. In particular, if we were to consider a single-charge solution in 

D = 6 using the new Kaluza-Klein 2-form J 7 ^ rather than *F^, then the SX(5, 1R) of D = 7 

would leave it invariant. Also, the constant shift symmetries 1R 10 of the ten axions coming 

from the dimensional reduction of the ten vectors in D = 7 also leave the new Kaluza-Klein 

(5) 

vector invariant. Since the solution using T\ m D = 6 is equivalent, under 0(5, 5), to the 
solution using *F^, the stability group will be the same (modulo conjugations) in each case. 

The dimension of the coset (|38| ) for single-charge 2-form solutions in D = 6 is 11, while 
the total charge-space for 2-forms has dimension 16. General points in the charge space can 

be reached by looking at the orbits of 2-charge solutions. We shall start from the simple 

(5) 

2-charge solution supported by and J-\ , corresponding to the sum of the states | — a) 
and I&5). We find that this sum of states is annihilated by the following subset of 0(5,5) 
generators: 

E ± i ab , {E±a abb - E T g cd5 ) , E_^ 5 , E Sabc , (39) 
H' = H + i(3a • H - 5b 5 • H) 65 + |(36 5 • H - 5a • H) a (40) 

where we have split i = (a, 5), and in the second case a, 6, c and d are all different. The 
conjugate pairs of generators have weights 

±Kb , ±^(a a b5 ~ «cd5) (41) 

under H'; these are the roots of the algebra B3 = 0(3,4). The simple roots may be taken 
to be 

di = b a , a 2 = o 23 , «3 = 3(0145 - 0*235) • (42) 
The further eight generators E_r and Eg in (|39|) mutually commute, and form a spinor 

0a5 0,0c 1 1 

representation under 0(3,4). The highest-weight generator is E_^, which has weight 
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— ^45 — + |o. The coset parameterising the 2-charge 2-form solutions in = 6 is 
therefore 

0(5,5) 



0(3,4) x R 8 ' (43) 
This has dimension 16, which is the same as the total dimension of the charge space for 
2-forms in D = 6. Indeed, one can reach all generic points in the charge vector space, by 
starting from a simple 2-charge. The degenerate eleven-dimensional single-charge orbits 
correspond as usual to solutions that preserve | the supersymmetry, while the generic 
sixteen-dimensional 2-charge orbit preserves 4. 

6 D = 5 

The global symmetry group for the fully-dualised theory in D = 5 is Eq. The simple 
roots are b^j+i, with i = 1,2,3,4,5, and ai23- The full set of roots is ±Oyfc, and 

=pa. In the fully-dualised theory, there are only 2-form field strengths (in addition to the 
axions), namely [* , •T^j *-^3^}- Their dilaton vectors {<%, 6j, — cij} are the weights of 
the 27-dimensional irreducible representation of Eq, with —at as the highest weight. The 
associated state | — ai) is annihilated by the subset of E e generators 

^±b a/3 ' E±a lafj , E^ ia , E^ aM , E-3 , (44) 
H' = H -hax- H)ai , (45) 



where we have split i = (1, a). The conjugate pairs of generators have weights 

± b a p , ±ai a p (46) 

under i?', and thus form the roots of the algebra D§ = 0(5,5). The simple roots can be 
taken to be 

5i = 6 2 3 , «2 = hi , a 3 = 645 , <3 4 = b 56 , a 5 = ai 23 • (47) 



The remaining generators E? , Eg and E_^ in (U4) are mutually-commuting, and form 
a 16-dimensional spinor representation of 0(5, 5). The highest -weight generator is E—g, 
with weight — a + |ai under the 0(5,5) Cartan generators H' . The coset parameterising 
the single-charge 2-form solutions in D = 5 is therefore 

0(5,5) xR 16 ' (48) 
There are two more intuitive ways to understand the denominator group. One is to observe 
that the NS-NS 3-form is a singlet under the T-duality group 0(5,5), and it is also 
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invariant under the IR 16 shift symmetries of the sixteen R-R axions {J-[ la \ F^ " 1 ', *i*4}. 
Another way to understand the denominator group is to view it as being inherited from 
D = 6, which obviously leaves the new Kaluza-Klein vector J^' invariant. The IR 16 in 
this case is generated by the commuting shift symmetries of the axions coming from the 
dimensional reduction of the sixteen 2-forms in D = 6. Since the new Kaluza-Klein vector 
is equivalent, under Eq, to the 2-form that we were previously considering, it follows 

that the stability group will also be the same, modulo conjugations. 

Moving now to 2-charge 2-form solutions in D = 5, we may take these to be represented 
by the states | — Si) and \Siq). This combination is left invariant by the subset of E% 
generators 



E bie ' E b a 6 ' E a la6 i E>a ab6 > F-a j (49) 

H' = H + \ {a\ ■ H — 2a 16 ■ H) a 16 + \{a m ■ H - 2a 1 ■ H) 01 , 

where we have split the internal indices as i = (l,a, 6), and in the final expression on the 
top line, a, b, c and d are all different. We find that the conjugate pairs of generators have 
weights 

±b a b , ±ai a b , ±^(a abc - b ld ) (50) 

under H' . These are the roots of the algebra = 0(4,5), for which we may take the 
simple roots to be 

a 1 = b 23 , a 2 = b u , a 3 = 6 45 , a 4 = -5(0234 - &15) • (51) 

The remaining generators in (f48|) mutually commute, and form a 16-dimensional irreducible 
spinor representation of 0(4, 5). The highest weight generator is E_g, with weight — \{b\Q + 
a) under H'. The coset parameterising the 2-charge 2-form solutions in D = 5 is therefore 

0(4,5) xR 16 ' (52) 
The denominator group can in fact also be understood from the observation that the 2- 
charge solution using {*F^\ F^ 16 ^} is the dimensional reduction of the dyonic string in 
D = 6, supported by electric and magnetic charges for This field strength was already 
previously found to be invariant under 0(4, 5). The commuting IR 16 symmetries are the 
shift symmetries of the sixteen axions coming from the dimensional reduction of the sixteen 
2-forms in D = 6. 
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The dimension of the coset fl52|) for 2-charge 2-forms in D = 5 is 26, which is one less 
than the total dimension of the charge vector space for 2-forms. Thus we see that not all 
points in the vector space can be reached as the orbits of a simple 2-charge solution. In 
particular, starting from the weight vectors —fix and 3x6, we cannot generate the weight 
vector &6- However, there exist simple 3-charge solutions in D = 5, precisely using the field 
strengths {*F 3 (1) , F 2 (16) ,^ 6) } g. Now, we may therefore augment the previous discussion 
by considering as a starting point the 3-charge configuration represented as the sum of 
states | — fix), \fix6) an d | £»e } - It is easy to check as usual from the dilaton vector sum rules 
that this combination of states is annihilated by the subset of Eq generators 

^±b ab ' E±a lab , ( E ±b la ~ E T 3 bcd ) , 

i E ±a ab6 ~ E Ta cd6 ) , ( E ±b a6 ~ E fSl a6 ) > ( E ±b 16 ~ E ^) , (53) 

where as before we have split the internal indices as i = (l,o, 6), together with the same 
subset of Cartan generators H' that is defined in (f49|), (The reason why there are still four 
combinations of the Eq Cartan generators that annihilate the three states in this 3-charge 
case is that the third charge has a dilaton vector that is coplanar with the first two.) It is 
straightforward to verify that the full set of generators in (|53|) have the weights 



±Kb , ±«lab , ±^(&la — fibcd) , 

±^(Oafe6 - ficd%) , ±3(606 - filae) , ±2(616 + «) (54) 

under H , and that they are nothing but the roots of the F± algebra. The simple roots can 
be taken to be 

5i = 634, 02 = 645, 03 = \ («234 - 615) , ai = \(bxQ + fi) ■ (55) 
The coset parameterising the 3-charge 2-form solutions in D = 5 is therefore 

I • ^ 

The fact that the denominator group F4 contains 0(4, 5) as a subgroup can be understood 
from the fact that the 3-charge solution becomes a boosted dyonic string, i.e. an intersection 
of a pp wave and a dyonic string, in D = 6, whose charges are obviously invariant under 
the 0(4,5) stability group that we found in section 5. 

The dimension of the 3-charge coset space (|56| ) is 26, as is the dimension of the 2-charge 
coset space (|52|). In fact the 2-charge orbits correspond to null vectors in the 27-dimensional 
charge vector space, while the 3-charge orbits correspond to timelike or spacelike vectors JO] . 
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The reason why these 3-charge orbits have only dimension 26 is that an overall scaling 
symmetry, i.e. the trombone symmetry, is also needed in order to fill out the entire 27- 
dimensional charge vector space. This can be seen from the fact that the three weight 
vectors {— Oi,ai6j&6} associated with the three charges are coplanar, and so only two, 
rather than three, Eq Cartan generator combinations are able to scale the charges. This is 
analogous to the situation that we saw for dyonic strings in D = 6. This situation contrasts 
with that for the 26-dimensional orbits for the 2-charge solutions in D = 5, where, as we 
saw above it is a non-zero weight, i.e. b^, rather than a scaling of one of the basic charges, 
whose absence reduces the dimension of the orbits from 27 to 26. 

The 3-charge orbits preserve | of the supersymmetry, while the 2-charge orbits preserve 
\ and the 1-charge orbits preserve \. 



7 D = 4 

The global symmetry group of the fully-dualised theory in D = 4 is Ej. The simple roots 
are fr^+i with 1 < i < 6, and d\ 23 . The full set of roots is ±6^, ia^fe and ^Faj. There are 28 

(if) (i) 

2-forms F 2 and which, together with their duals, form a 56-dimensional irreducible 
representation of Ej. The associated dilaton vectors {Sij,Si, —dij, —b{\ are the weights of 
the 56. The highest weight vector is —b-j. We find that the associated state | — bj) is 
annihilated by the following subset of the E 7 generators: 

H' = H - i(b 7 ■ H)b 7 , (57) 

where we have split the internal index as i = (a, 7). We find that the weights of the 
conjugate pairs of generators under H' are given by 

± b a b , ±a a bc , =Fa7 , , (58) 

and that these are precisely the roots of the Eq algebra. The simple roots may be taken to 
be 

<3i = b 12 , a 2 = b 23 , a 3 = 6 34 , <3 4 = 6 45 , 5 5 = 6 56 , a 6 = a 123 ■ (59) 

The further 27 generators in ( |57[ ) mutually commute, and form an irreducible 27-dimensional 
representation under Eq, with E_g 1 as the highest-weight generator. It follows that the coset 
that parameterises the single-charge 2-form solutions in D = 4 is 

E 7 



Eq X R 27 
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(60) 



The denominator group can be easily understood since Eq is inherited directly from D = 5, 
and the H 27 symmetry is generated by the 27 axions that are the dimensional reductions 
of the 27 2-form field strengths in D = 5. The coset ( |60| ) has dimension 28. Acting on a 
single-charge solution with E 7 gives rise to a solution which can carry a maximum of 28 
charges. In order to fill out more points in the 56-dimensional charge space, we need to 
look at orbits involving multi-charge simple solutions. 

(7) (17) 

Simple 2-charge solutions can be constructed using the field strength {*^ 2 ,* F 2 h 
associated with the dilaton vectors {— b 7 , — a± 7 }. We find that the subset of the E 7 generators 
that leave the combination of states | — b 7 ) and | — 017) invariant is 

E ±b ab ' E ±aiab > \ E ±b a l ~ E T^ia7) > 

E a abc > E 3 ab7 , E_ Sl , E_ Sa , E_g 7 , E^ , E^ , (61) 
H' = H + \{b 7 -H - 3a 17 • H) a l7 + ±(ai 7 • H - 3b 7 ■ H) b 7 , (62) 

where we have split the index i = (l,a, 7). We find that the conjugate pairs of generators 



in (61) have weights 

±b ab , ±a lab , ±\{b a7 - a la7 ) , (63) 

under H', and that these are precisely the roots of the B§ = 0(5,6) algebra. The simple 
roots can be taken to be 

OL\ = 6 2 3 , «2 = &34 , «3 = &45 , «4 = ^56 > «5 = |(&67 ~ 0167) • (64) 

The remaining generators in (^), of which there are 33 in total, form a 32-dimensional 
spinor representation under 0(5,6) together with a singlet, corresponding to the generator 
E_g 1 . The highest-weight generator in the 32 is E_$ 7 , which has weight —a 7 + %a\ 7 + \b 7 . 
Thus the coset for 2-charge 2-form solutions in D = 4 is 

El (65) 



(0(5,6) x R 32 ) x R ' 
This coset has dimension 45. 

For 3-charge solutions, we may use the field strengths {*J~2 > *F<2 7 \ -F^ 1 ^}' correspond- 
ing to the weight vectors {— b 7 , — Si 7 , 3iq}. We find that the subset of E 7 generators that 
annihilate this combination of three states is given by 

E ±b ab ' E ±$lab ' ( E ±bia ~ E Ta bcd ) i \ E ±bn ~ E ±Sf>) ' ( E ±ba7 ~ E Taia?) > 
( E ±a ab7 — E=Fa c dr) ' E b 16 ' E b a 6 ' E 3la6 ' E S a w ' 

E a a6 7 > E ~a a > ^-St > ( S S 167 - S _6 67 ) ' (^-Sl ~ E -b 67 ) ' ( 66 ) 
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H' = H + i(ai 6 - a l7 - 2b 7 ) -Hb 7 + i(a 16 - 2a 17 - b 7 ) ■ H a 17 
+|(-2oi6 + an + 67) ■ #«16 , 

where we have split the internal indices as i = (1, a, 6, 7). We find that the weights of the 
conjugate pairs of generators in flB6|) under iT' are 

±&ab , ±«la6 ; ±^(&la — Ofecd) , ±^(^17 + 0*6) > 

±^(&a7 - a la7 ) , ±i(a a67 - a cd7 ) , (67) 

and that these coincide with the roots of the F4 algebra. The simple roots may be taken to 
be 

di = 634 , a 2 = 645 i <3 3 = | (0*234 - &15) , "4 = K&17 + ae) • (68) 

The remaining generators in ( |66|) form a 26-dimensional representation under i 7 ^ , with E^ 2m 
as the highest- weight generator, with weight \{a2Q 7 + 0,2)- Thus the coset parameterising 
the 3-charge 2-form solutions in D = 4 is 

e£b* ■ m 

Note that the last two generators listed in d66| ) have zero weight under the Cartan generators 
H' of -F4; this can be seen from the fact that these two vectors have components only in the 
plane orthogonal to the 4-dimensional space spanned by the -F4 roots. In fact, they are the 
two zero weights in the 26-dimensional representation of F4 . 

The dimension of the coset (^) is 55, which is one less than the dimension of the 
charge vector space for 2-forms in D = 4. In particular, if we start with the three charges 
corresponding to the weight vectors {—67,-017,016}, we can never generate the charge 
associated with the weight vector b§ by acting with the E 7 global symmetry group. In fact 
there exists a simple 4-charge solution that uses precisely this extra charge in addition to 
the previous three. Thus we may now take this 4-charge configuration as a new starting 
point, and examine its orbit under E 7 . We find that the corresponding combination of four 
states is annihilated by the following subset of E 7 generators 

i E ±d am ~ E T u cd6 ) , ( E ±b a6 ~ E TSiae) > ( E ±b 16 ~ E ±S 7 ) > (70) 

H' = H+ i(ai 6 - a 17 - 2b 7 ) ■ Hb 7 + J(oie - 2a*i 7 - b 7 ) ■ Ha 17 
+l(-2a w + 017 + h) ■ HaiQ 
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and 



( E ±SiT ~ E ±a 6 ) ' ( E ±b a 7 ~ E Taia?) > i E ±a abT - E T3cd 7 ) > ( E ±a a67 - ^±aj > (71) 

#5 = + E_j g7 - # 5l67 - E_ dlb7 , H 6 = E^ 7 + E_^ 7 - E Sl - E_ 3l , (72) 

where we have again split the internal index as i = (l,a, 6,7). It is easy to see that the 
generators in ( |70|) form an F4 algebra, for which the non-zero roots, measured by H', are 

±6 a & j i^lab > ±^(bla ~ «6cd) , 

^(a-abe — a-cdo) > ±2(^6 — «ia6) , ±5(^16 + 07) . (73) 
The simple roots may be taken to be 

ai = 634 , 02 = 645, "3 = 5(^234 - 615) , 04 = + 07) • (74) 



The 26 generators in (71) and ( ]72| ) form an irreducible 26-dimensional representation under 
the F4. In particular, H§ and Hq are the two states with zero weights under H' . The 
weights of the remaining 24 generators ( f7l"l) under il' are given by 



± 5(617 + a 6 ) , ±i(6 7 - ai a7 ) , ±§ (#a&7 ~ ^afr) > ±5(^67 + ^)- (75) 



In fact the full set of all the generators in (|70|), ( |7l|) and (|72| ) generate an £7g algebra, 
with H§ and i?g giving the extra two Cartan generators over and above the four Cartan 
generators H' of F4. Thus we have a description of Eq in terms of its decomposition under 
F4, with 78 — > 52 + 26. Note that the extra Cartan generators and iJg are compact, 
unlike the standard non-compact Cartan generators that have arisen previously, and so the 
version of Eq that we obtain here is E e ^ 2 ) rather than the maximally non-compact form 
i?6(6) • Thus the coset parameterising the 4-charge 2-form solutions in D = 4 is 

^6(2) 

This result was also obtained in |Tl[ . 

Before discussing the interpretation of these results for BPS 2-form solutions, we should 
first note that there is a new feature in D = 4, namely that there also exists another class 
of charge configuration, which is associated with extremal solutions that are not supersym- 
metric. Specifically, there exists a 2-charge dyonic solution, where the electric and magnetic 
charges are carried by the same field strength. Thus, for example, we may consider the elec- 

(7) 

trie and magnetic charges associated with the field strength !F\ . We should therefore look 
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for the stability subgroup of E? that leaves the combination of states | — 67) and I&7) invari- 
ant. We find that the following subset of the Ej generators annihilate this combination of 
states: 

H' = H - \$r ■ H)b 7 , (77) 

where % = (a, 7). We easily find that these are the generators of Eq , with a regular embedding 
in E-j. The weights of the E generators under H' are 

± b ab , ±a abc , Ta 7 . (78) 

The simple roots may be taken to be 

OL\ = h2 , «2 = ^23 , «3 = ^34 , «4 = ^45 , «5 = &56 , «6 = ^123 • (79) 

The coset parameterising the non-supersymmetric dyonic 2-form solutions in D = 4 is 
therefore given by 

which has dimension 55. Note that the Eq denominator group here is the standard maxi- 
mally non-compact version E^y 

Now we are in a position to discuss the supersymmetry of the various charge multiplets in 
D = 4. The situation for the 1-charge orbits whose coset is given by (pfj|), is straightforward; 
these solutions all preserve \ of the supersymmetry. Similarly, the 2-charge orbits with coset 
given by ( |65|) all preseve \ of the supersymmetry, and the 3-charge orbits with coset ( |69|) 
all preserve |. The situation is more complicated for the 4-charge orbits, where the coset 
is given by (|76|). In these cases the solutions either preserve | of the supersymmetry, 
or they preserve no supersymmetry at all, depending upon the relative signs of the four 
charges. Of the 16 possible signs, 8 lead to g supersymmetry, while the other 8 lead to 
non-supersymmetric solutions. (This phenomenon was first seen in the context of the type 
IIA string in [^,|l5|. An explanation for why it occurs can be found in 0.) 

A completely different kind of non-supersymmetric solution arises in the case of the 
dyonic 2-charge configurations whose orbits are given by (|80|). Here, the supersymmetry 
breaking is quite independent of the signs of the charges, and the solutions are not related 
by any duality symmetries to the non-supersymmetric 4-charge solutions discussed above. 
This can be see from the fact that the 4-charge solutions are described by four harmonic 
functions, implying that although non-supersymmetric, there is still no force between the 
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charges. By contrast, the 2-charge dyonic solution cannot be expressed in terms of harmonic 
functions, and indeed there is a repulsive force between the two charges pf . 



8 Solutions with 1-form field strengths 

So far, we have discussed the structure of the orbits of single-charge and multi-charge p- 
brane solutions that are supported by 4-form, 3-form or 2-form field strengths. There also 
exist p-brane solutions that are supported by 1-form field strengths, i.e. by axionic scalar 
fields. The situation is much more complicated for these, because they transform non- 
linearly under the global symmetry groups of the fully-dualised versions of the supergravity 
theories. However, different versions of the theories, in which other dualisation possibilities 
are implemented, can have different global symmetries. For example, if we consider the four- 
dimensional supergravity obtained by direct dimensional reduction from D = 11 without 
any dualisation, it has an 5X(7, IR) x IR 35 global symmetry, where the IR 35 corresponds to the 
shift symmetries of the 35 axions coming from the dimensional reduction of A3 in D = 11. 
In this version of D = 4 supergravity, the 35 axions form a linear tensor representation 
under SX(7, IR). We shall take this an as example, to illustrate how the stability subgroups 
depend on the number of charges in 1-form solutions (strings) supported by these axions. 

The simple roots for the SL(7, IR) algebra are for 1 < i < 6. The full set of 

SL(7, IR) roots are ±fcy. As explained above, we shall restrict our attention to the 35 of 
1-form field strengths that transform linearly under SL(7, H). Their dilaton vectors 

Sijk form the weights of the 35 of SL(7, IR). Let us begin by considering a 1-charge solution 
corresponding to the state |3i23) • This is annihilated by the following subset of the SL{7, IR) 
generators: 

^±612 ' E ±b 13 ' E ±b 23 ' E Kb ' 
^ la > E ~t 2a > E -h a > 

H' = H-\(a 123 -H)a 123 , (82) 

where we have split the internal index as i = (1, 2, 3, a). It is easy to see that the conjugate 
pairs of generators, together with the five Cartan generators H' , give an SX(3, H) x SL(4, IR) 
algebra (with associated with S'L(4, IR)). The non-zero roots are 

± 612 , ±613 , ±623 , ±b ab ■ (83) 

The simple roots may be taken to be 

di = bu , a 2 = b 2 3 , <3 3 = 645 , 5 4 = 6 56 , a 5 = 6 6 7 • (84) 
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The remaining generators in (|8l]), form a mutually-commuting (3,4)-dimensional represen- 
tation under SL(3, 1R) x SL(4,TR). The highest-weight generator is E_^, with weight —634 
under H' . Thus the coset describing the 1-charge 1-form solutions is 

(5L(3,M) x 5L(4,M)) x R 12 ' 1 ; 

The dimension of this coset is 13, and all points on the orbit preserve ^ of the supersym- 
metry. 

Turning now to 2-charge solutions, we may consider the case where these are associ- 
ated with the states IS123} and IS145}. We find that the following subset of the SL(7, H) 
generators annihilate this combination of states: 



E ±b23 ' 


E ±b45 ' 


E ±b67 ' 




" E TbJ ' 


( E ±6 26 - ^634) 




E -bl3 ' 


E -b u ' 


E ~b 1S ' 






E h , 

— 02a ' 


E -b 3a ' 


E h , 
—04a 


E n 

-05a 






H' = H 


- 3 ("123 


• H) 0123 


- 4(0145 ' 


H) 0145 , 





(86) 

where we have split the internal index as i = (1, 2, 3, 4, 5, a). The conjugate pairs of gen- 
erators, together with three of the four Cartan generators H', give the algebra 0(2, 3) x 
SL(2,TR). The non-zero roots under H' are 

±623, ±645, ±&67, ±5(624-635), ±^(625-634), (87) 
and the simple roots may be taken to be 

«1 = &23 , OL 2 = 5(635 - 624) , «3 = 6 6 7 • (88) 

(03 is the simple root for SL(2, M).) The remaining Cartan generator in H', orthogonal to 
the three simple roots, commutes with all the generators in 0(2, 3) x SL(2, M), and enlarges 
the group to 0(2, 3) x GL(2, JR). The remaining generators in (|86| ) form the representations 
(4,1), (1,2) and (4,2) under 0(2, 3) x GL(2, JR). They do not all mutually commute, and the 
commutator of (4,1) with (4,2) gives (1,2). The coset parameterising the 2-charge 1-form 
solutions can be written as 

SL(7,B) 

(0(2,3) x GL(2,M)) x (i? 4 0i? 2 ®R 8 ) y ' 

We can in principle proceed to study 1-form solutions with larger numbers of charges. 
In D = 4, the maximum number of charges for simple solutions, using the 35 axions F^ k \ 
is 7 Q. The analysis becomes progressively more complicated as the number of charges 
increases, and we shall not pursue this further here. 
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9 Conclusion and discussion 



In this paper, we have studied the orbits of the single-charge and multi-charge BPS solutions 
in maximal supergravities, filled out by acting with the global symmetry groups. By identi- 
fying the stability subgroups that leave the original charge configurations fixed, we obtained 
the coset spaces that parameterise these orbits. In some cases, it turns out that a simple 
single-charge solution provides an adequate starting point for filling out the entire charge 
vector space. In other cases, such single-charge starting points have orbits that fail to cover 
the entire charge vector space. In these cases, simple multi-charge solutions exist, which 
provide more generic starting points that fill out orbits of larger dimension. By studying 
these orbits in all dimensions 4 < D < 9, we obtained the coset spaces that parameterise 
the charge vector spaces for all 4- form, 3-form and 2-form solutions. We also looked at the 
orbits for single-charge and 2-charge solutions supported by 1-form field strengths in D = 4, 
under the SL(7, 1R) subgroup of Ej under which the axions coming from the dimensional 
reduction of A3 in D = 11 form a linear 35-dimensional representation. 

The procedure that we have followed in this paper is to investigate how the action of 
the global symmetry groups of the maximal supergravities allow us to fill out points in the 
charge vector space by starting from basic single-charge or multi-charge solutions. As we 
observed in the introduction, this is different from the idea of generating multiplets under a 
spectrum-generating symmetry that leaves the scalar moduli fixed. As was shown in a pre- 
vious paper ||, the standard global supergravity symmetry groups can be realised on any 
single-charge family of solutions while holding the scalar moduli fixed, using a construction 
in which the moduli are returned to their initial values by compensating transformations 
constructed using the supergravity symmetry's Borel subgroup and the "trombone" rescal- 
ing transformations, which also act on the metric and thus rescale the masses.0 Although 
this construction is generically non-linear, it nonetheless acts linearly on the charge vectors 
of single-charge solutions. For a multi-charge solution, exactly the same construction can 
be carried out, taking any one of the irreducible charge "components" of the multi-charge 
solution as the basis for the construction. By construction, this will leave the scalar moduli 
4 Since the maximal compact subgroup H of the global symmetry group G leaves the scalar moduli 
invariant, it might seem more natural to study the orbits of the multi-charge solutions under H. The 
problem with doing this is that, as discussed in one cannot make the necessary discretisation of H that 
would be needed in order to generate the discrete orbits of points on the charge lattice that are compatible 
with Dirac quantisation. The subgroup H plus a trombone symmetry can however be used to generate 
classical solutions. The coset structure of the orbits of multi-charge black hole solutions under the subgroup 
H was studied in ill 71]. 
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fixed and the transformation will act linearly on the chosen irreducible component. Other 
components of the multi-charge solution will generally be acted on nonlinearly, in particular 
as a result of the trombone rescaling compensator. 

In consequence, the orbits of such fixed-moduli transformations will not in general cover 
the full charge space in the same way as we have discussed in this paper, where the trans- 
formations of the scalar moduli were not taken into account. This point clearly needs more 
careful study. Here, we shall be content to give a simple example taken from D = 9 super- 
gravity, where the standard supergravity symmetry is GL(2,1R). One may carry out the 
construction of for the 2-charge solution (pi,P2,q) discussed in section 2, which may be 
decomposed into irreducible components as (pi,P2, 0) + (0, 0, q), and selecting, e.g., the com- 
ponent (pi,P2)0) as the basis for the construction. On this charge- vector component, only 
the SL(2, IR) subgroup of GL{2, IR) is genuinely active, and on this component the SL(2, IR) 
transformations act linearly, by construction of ||. On the (0,0, q) component, however, 
which would normally be invariant under the standard SX(2,]R), the trombone rescaling 
part of the transformation will cause a rescaling of q. In the specific case where the scalar 
moduli are all asymptotically vanishing, one will have (p± , p2 , 0) — > (p^ ,p' 2 ,0) according to 
the standard SX(2,IR) transformation and (0,0, q) — > (0,0, ^q), where m' = \J p'\ + p'% 
m = \Jp\ + p\. Note that the orbits of this transformation do not fill out the complete 
2-charge space, unlike the discussion in this paper, which ignores the fixed-modulus con- 
straint. 

In conclusion, we may summarise the distinction between orbits of spectrum-generating 
symmetries and the orbits of charges under the standard supergravity symmetries, ignoring 
the effect upon the scalar moduli, as follows. For the orbits of simple single-charge solutions, 
there is no distinction, and so this case is adequately understood. For simple multi-charge 
solutions, on the other hand, the spectrum-generating orbits will generically cover less of 
the charge space than those of the standard supergravity symmetries that we have been 
discussing in this paper. The discrepancy occurs because we currently know only of the 
single trombone rescaling symmetry that can serve as a compensator to allow the charges 
to be moved freely while holding the scalar moduli fixed. It is not inconceivable that 
further symmetries might exist that would allow one to compensate for changes in the 
integration constants occurring in multiple harmonic functions. If such symmetries were 
to exist, then the multiplet analysis for multi-charge solutions that we have given could 
also be interpreted as arising from bona fide spectrum-generating symmetries. On the other 
hand, even if such further symmetries did not exist, the successful treatment of the orbits 
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for single-charge solutions would provide as complete a description as is possible for the 
true spectrum-generating orbits. It might in any case be argued to be somewhat artificial 
to focus attention on the multi-charge solutions where the charges are located at the same 
point in the transverse space, since the overlapping charges can, at no cost in energy, be 
separated. Thus the true modulus space for multi-charge solutions is a larger one, in which 
relative positions and other integration constants are included also. Thus one should really 
be looking for a symmetry explanation for all the moduli of the multi-charge solutions, and 
not only those that determine the asymptotic charges and scalar moduli. 



Note Added 



As the work described in this paper was approaching completion, a paper appeared in 



which the cosets for BPS solutions in D = 5 and D = 4 were obtained [11]. The results 



are substantially in agreement with ours. The approach used in [11| is based on the Jordan 
algebras associated with the exceptional groups. 
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A Cosets for multi-charge ]9-branes 

In this appendix, we present tables that summarise our results for the cosets that parame- 
terise the various single-charge and multi-charge orbits in 4 < D < 9. Table 4 contains the 
results for p-branes supported by 3-form field strengths, and Table 5 contains the results 
for those supported by 2-forms. 



Dimension 


N = 1 


N = 2 


D = 9 


SX(2,]R) 
IR 




D = 8 


SX(3,]R) 




SL(2,IR)xIR 2 


D = 7 


SL(5,R) 




SL(4,IR)xIR 4 


D = 6 


0(5,5) 


0(5,5) 


0(4,4)xIR 8 


0(4,5) 



Table 4: Cosets for A^-charge 3-form solutions 



The cosets for single-charge 3-form solutions can all be expressed as £ , n_£>/(O(10 — 
D, 10 — D) k W, where p = 2 9 ~ D . Thus the denominator group can be viewed as the semi- 
direct product of the T-duality group O(10 -D, 10- D) with a spinor of O(10 — D, 10 — D). 
This is not surprising since the NS-NS 3-form field strength is a singlet under T-duality, 
and is also invariant under the commuting shift symmetries of all the the R-R axions, which 
form a spinor representation under the T-duality group. 



Dimension 


N = 1 


N = 2 


N = 3 


N = 4 


N=2 
dyon 


D = 9 


SL(2,R) 
IR 


GL(2,R) 
IR 








D = 8 


SL(3,R)x5L(2,K) 
GL(2,IR)kIR 3 


5L(3,R)x5L(2,IR) 
S'L(2,1R)i><1R 2 








D = 7 


SL(5,K) 


SL(5,R) 








(5L(3,IR)xSL(2,]R))xIR 6 


0(2,3)xlR 4 








D = 6 


0(5,5) 


0(5,5) 








SL(5,IR)KIR 10 


0(3,4)xlR 8 








D = 5 


E 6 


E 6 








0(5,5)x]R 16 


0(4,5)xIR 16 


F 4 






D = 4 


£ 7 


B 7 


£7 


E 7 


E 7 


E 6 xIR 27 


(0(5,6)xIR 32 )xlR 


F 4 xIR 26 


E 6(2) 


S 6 



Table 5: Cosets for iV-charge 2-form solutions 
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The denominator group for the single-charge 2-form solution in D dimensions is £10— d tx 
MP, where p is the number of 2-form field strengths in D + 1 dimensions. It is easy to see 
that this group will leave the new Kaluza-Klein 2-form invariant. Since all the 2-form 
field strengths in D dimensions are equivalent under Eh_d, the coset for the Kaluza-Klein 
2-form is the same for any other single-charge solution. The denominator groups for for 
2-charge solutions also arise with a regular pattern, namely 0(9 — D, 10 — D) x M p , where 
p = 2 9 ~ D , except for D = 4, where there is an additional commuting 1R symmetry. The H p 
is a spinor under 0(9 — D, 10 — D). 
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